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“Structure AwaRe moDelIng for Natural LanguagE”

https://sardine-lab.github.io/

We do research in NLP, LLMs, sparsity, long-context efficiency, ...
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9 Years Ago: Transformers at LxMLS 2017
Published in ArXiv on June 12, 2017...

... presented at LxMLS on July 21 by Fernando Pereira:

slides & video
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What You’ve Learned So Far

X Linear models

X Feedforward neural networks

X Recurrent neural networks

RNNs are suitable for modeling sequences as they carry state information.

Many improved variants: GRUs, LSTMs, Mamba, DeltaNet, ...
All these have carry “fixed-size” memory in their state.

Today: models with nonparametric associative memory.
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What is an Associative Memory?

A memory paradigm inspired by the way the brain stores and retrieves
information.

It allows data retrieval based on content rather than explicit physical
addressing.

Content-based recall: In the brain, seeing or hearing a partial cue can
trigger the recall of associated memories.
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Hopfield Networks (Amari, 1972; Hopfield, 1982)

One of the earliest neural network designed to model associative memory.

Named after John Hopfield, an American physicist and neuroscientist.
Based on older ideas by Shun’ichi Amari in the 70s.
Inspired by associative memory in the human brain.
Stores and recalls patterns, making it useful for pattern recognition.
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Hopfield Networks as Associative Memories
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Hopfield Networks (Amari, 1972; Hopfield, 1982)

Networks of D units, fully connected.

Memory patterns X = [x1, ..., xn] ∈ {±1}n×d

Query q ∈ {±1}d

Energy function E (q) = −1
2‖Xq‖2

Hopfield dynamics:
qt+1 = sign(X>X︸ ︷︷ ︸

:=W

qt)

Patterns are stored in the memory by computing the network
parameters W = X>X ∈ Rd×d

Memory patterns become attractors.
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Hopfield Networks

Let’s try to memorize some LxMLS speakers!

Works pretty well.
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Hopfield Networks

What if we try with all the speakers?

Doesn’t work due to interference.
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Hopfield Networks

Classical Hopfield networks have a very small memory capacity: at most
≈ 0.14d patterns can be memorized.

They are a bit like linear transformers (more later).

We can modify the energy function to increase memory capacity, making it
nonparametric.

“Modern” Hopfield networks do this: they are nonparametric like
attention-based transformers.

(Ramsauer et al., “Hopfield Networks is All You Need”, ICLR 2020)

https://ml-jku.github.io/hopfield-layers/
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RNNs as Seq-to-Seq Models (Sutskever et al., 2014)

An encoder RNN to encode the source sentence as a vector...

... a decoder RNN to decode the target sequence autoregressively.

(Sutskever et al., “Sequence-to-Sequence Learning with Neural Networks”, NeurIPS 2014)
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Limitations of RNNs

Sentence length is unbounded but vectors have finite capacity.

“You can’t cram the meaning of a whole %&$@#
sentence into a single $@&# vector!” (Ray Mooney)

André Martins (IST) Transformers & LLMs LxMLS 2026 15 / 180



Limitations of RNNs

Sentence length is unbounded but vectors have finite capacity.

bottleneck

“You can’t cram the meaning of a whole %&$@#
sentence into a single $@&# vector!” (Ray Mooney)

André Martins (IST) Transformers & LLMs LxMLS 2026 15 / 180



Limitations of RNNs

Sentence length is unbounded but vectors have finite capacity.

bottleneck

“You can’t cram the meaning of a whole %&$@#
sentence into a single $@&# vector!” (Ray Mooney)

André Martins (IST) Transformers & LLMs LxMLS 2026 15 / 180



Solution: Attention Mechanism (Bahdanau et al., 2015)

Encode sentences as matrices, not vectors!

Fixed number of rows, but number of columns depends on the number
of words
Then, before generating each word in the decoder, use an attention
mechanism to condition on the relevant source words only.

This was proposed in a seminal paper in 2015 and opened the door for
transformer architectures in 2017.

(Bahdanau et al., “Neural MT by Jointly Learning to Align and Translate”, ICLR 2015)

(Sukhbaatar et al., “End-to-End Memory Networks”, NeurIPS 2015)

André Martins (IST) Transformers & LLMs LxMLS 2026 16 / 180



RNNs with Attention (Bahdanau et al., 2015)

Weighted sum of
encoder states:∑n

i=1 pihi

Attention probabilities
p = softmax(s)

Attention scores
s1, ..., sn obtained by
comparing qt with each
hi

Decoder state qt

Encoder states
h1, ...,hn
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Example: Machine Translation

(Bahdanau et al., “Neural MT by Jointly Learning to Align and Translate”, ICLR 2015)
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Example: Caption Generation

Attention over images:

(Slide credit to Yoshua Bengio)
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Attention Mechanism: Wrapping It Up

1 We have a query vector q (e.g. the decoder state)
2 We have input vectors H = [h1, . . . ,hn]> (e.g. one per source word)
3 We compute association scores s1, . . . , sn by “comparing” q and H
4 We convert these scores to probabilities:

p = softmax(s)

5 We use this to output a representation as a weighted average:

c = H>p =
n∑

i=1

pihi

Let’s take a closer look.
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Association Scores

Several ways of “comparing” a query q and an input (“key”) vector hi :

Additive attention (Bahdanau et al., 2015):

si = u> tanh(Ahi + Bq)

Bilinear attention (Luong et al., 2015):

si = q>Uhi

Dot product attention (particular case of bilinear attention; queries and
keys must have the same size):

si = q>hi

The last two are easy to batch for multiple queries and multiple keys.
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Keys and Values

The input vectors H = [h1, . . . ,hn]> appear in two places:

They are used as keys to “compare” them with the query vector q to
obtain the association scores

They are used as values to form the weighted average c = H>p

To be fully general, they don’t need to be the same—we can have:

A key matrix K = [k1, . . . , kn]> ∈ Rn×dK

A value matrix V = [v1, . . . , vn]> ∈ Rn×dV
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Attention as a Fuzzy Lookup Table

Lookup table: a table of keys that
map to values. The query
matches one of the keys,
returning its value.

Attention: The query matches to all
keys softly to a weight between 0 and
1. The keys’ values are multiplied by
the weights and summed.

(Credits: Danqi Chen)
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Attention Mechanism: More General Version
1 We have a query vector q (e.g. the decoder state)

2 We have key vectors K = [k1, ..., kn]> ∈ Rn×dK

and value vectors V = [v1, ..., vn]> ∈ Rn×dV

(one of each per source word)

3 Compute query-key association scores s1, ..., sn comparing q and K

4 We convert these scores to probabilities:

p = softmax(s)

5 We output a weighted average of the values:

c = V>p =
n∑

i=1

pivi ∈ RdV
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Next: Self-Attention

So far we talked about contextual attention—the decoder attends to
encoder states (this is called “input context”)

Attention allows focusing on an arbitrary position in the source
sentence, shortcutting the computation graph;

But if attention gives access to any state...

... do we really need the RNN?

Alternative: self-attention—at each position, the encoder attends to
the other positions in the encoder itself

Same for the decoder.
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Self-Attention Layer
1 Query vectors Q = [q1, . . . ,qn]> ∈ Rn×dQ

2 Key vectors K = [k1, . . . , kn]> ∈ Rn×dK

3 Value vectors V = [v1, . . . , vn]> ∈ Rn×dV

4 Compute query-key association scores “comparing” Q and K , e.g.,

S = QK> ∈ Rn×n (dot-product attention)

5 Convert these scores to probabilities (row-wise):

P = softmax(S) ∈ Rn×n

6 Output the weighted average of the values:

Z = PV = softmax(QK>)︸ ︷︷ ︸
P

V ∈ Rn×dV .
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Self-Attention

(Vaswani et al., “Attention is All You Need”, NeurIPS 2017)
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Transformer (Vaswani et al., 2017)

Key idea: instead of RNNs, use
self-attention in the encoder

Each word state attends to all the
other words

Each self-attention is followed by a
feed-forward transformation

Do several layers of this

Do the same for the decoder,
attending only to already generated
words.
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Transformer

Illustrated transformer: http://jalammar.github.io/illustrated-transformer/
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Transformer Blocks

Illustrated transformer: http://jalammar.github.io/illustrated-transformer/
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The Encoder

Example for a sentence with 2 words:
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Transformer Self-Attention: Queries, Keys, Vectors

Obtained by projecting the
embedding matrix X ∈ Rn×e to
a lower dimension:

Q = XWQ

K = XW K

V = XW V .

The projection matrices WQ ,
W K , W V are model parameters.
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Transformer Self-Attention: Queries, Keys, Vectors
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Next: Two Transformer Innovations

(Vaswani et al., “Attention is All You Need”, NeurIPS 2017)
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Scaled Dot-Product Attention

Problem: As dK gets large, the variance of q>k increases, the softmax gets
very peaked, hence its gradient gets smaller.

Solution: scale by length of query/key vectors:
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Why
√
d?

For any pair of random variables X and Y and coefficients a and b:

Var(aX + bY ) = a2Var(X ) + b2Var(Y ) + 2abCov(X ,Y )︸ ︷︷ ︸
0 if X ,Y are uncorrelated

.

Therefore, if (qiki )i=1,...,d were all uncorrelated with fixed variance σ2:

Var(q>k) = Var

(
d∑

i=1

qiki

)
= dVar(qiki ) = dσ2.

Therefore, Var
(

q>k√
d

)
= σ2: variance does not increase with d .
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Multi-Head Attention

Self-attention: each word forms a query vector and attends to the other
words’ key vectors

Somewhat similar to a 1D convolution, with “adaptive” weights and the
window size spans the entire sentence

Problem: only one channel for words to interact with one-another

Solution: multi-head attention!

define h attention heads, each with their own projection matrices (e.g.
h = 8)
apply attention in multiple channels, concatenate the outputs and pipe
through linear layer via an output projection matrix WO .
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Multi-Head Attention

Illustrated transformer: http://jalammar.github.io/illustrated-transformer/
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Other Tricks

Self-attention blocks are repeated
several times (e.g. 6 or 12)

Positional encodings (to distinguish
word positions)

Residual connections on each
attention block

Layer normalization
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Positional Encodings
As just described, the transformer encoder is insensitive to word order!

Queries attend to keys regardless of their position in the sequence.

To make it sensitive to order, we must add positional encodings.
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Positional Encodings

Several possible strategies:

learn one embedding for each position (up to a maximum length)
use sinusoidal positional encodings
use relative positional encodings (instead of absolute).
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Sinusoidal Positional Encodings

Idea: create a unique signature for each position, but let it vary smoothly
across nearby positions, using a mix of low and high frequencies.
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Relative Positional Encodings (Shaw et al., 2018)

Absolute positional encodings are hard to scale to arbitrary context lengths.

Instead, relative positional encodings model the distances between pairs of
tokens:

sij =

qi︷ ︸︸ ︷
x>i WQ(

kj︷ ︸︸ ︷
x>j WK +aij)

>
√
dK

, aij depends on the distance |j − i |.

Rotary positional encodings (RoPE) combine both absolute and relative
positional information (Su et al., 2024).
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Rotary Positional Encodings (RoPE) (Su et al., 2024)

[
x ′2i
x ′2i+1

]
=

[
cos(mθi ) −sin(mθi )
sin(mθi ) cos(mθi )

] [
x2i
x2i+1

]
,


m position
i emb. index
θi = b−2i/d

b = 10, 000.
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Residuals and Layer Normalization
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Residuals and Layer Normalization
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Residual Connections

(Li et al., 2018)

Originally proposed for vision in ResNets; similar ideas go back to Sepp
Hochreiter’s PhD thesis in 1991 (He et al., 2016; Hochreiter, 1991).
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Layer Normalization (Ba et al., 2016)

Idea: remove uninformative variation in hidden layers h ∈ Rd by
normalizing to unit mean µ and standard deviation σ within each layer.

LayerNorm(h) =
h − µ1√
σ2 + ε

� γ + β

where

µ = 1
d

∑d
i=1 hi

σ2 = 1
d

∑d
i=1(hi − µ)2

ε is a small coefficient (e.g. 1× 10−5)
γ and β are learnable weights and biases (default γ = 1 and β = 0).

This helps accelerate convergence.

More recently: RMSNorm removes the mean subtraction, setting µ = 0
(Zhang and Sennrich, 2019).
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Residual Stream

Different implementations order
these operations differently:

Left: post-normalization

Right: pre-normalization.

(Xiong et al., 2020)
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Replacing ReLU activations by SwiGLU

(Shazeer, 2020)
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The Decoder

What about the self-attention blocks in the decoder?

Everything is pretty much the same as in the encoder, with two twists:

The decoder cannot see the future! Use “causal” masking.

The decoder should attend to itself (self-attention), but also to the
encoder states (contextual attention).
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The Decoder
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The Decoder
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Optimizer and Scheduler

Adam optimizer with warmup steps and learning-rate decay:

More recently: Muon optimizer (Jordan et al., 2024)

Overall, transformers are harder to optimize than RNN seq2seq models

They don’t work out of the box: hyperparameter tuning is very important.
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Transformer Results

(Vaswani et al., “Attention is All You Need”, NeurIPS 2017)
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Attention Visualization Layer 5
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Implicit Anaphora Resolution
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Computational Cost

Faster to train (due to self-attention parallelization)

... but more expensive to decode

Scale quadratically with respect to sequence length
(problematic for long sequences).
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Long-Term Memory
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Long Contexts Are Increasingly Important

Several applications require long-context windows (e.g. 32K–1M):

Software engineering tasks that demand understanding the entire
repository
Solving extremely challenging math problems that require elaborate
sequences of trial and error across different problem-solving strategies
AI for scientific discovery
Multi-turn personalized chat interactions conditioned on prolonged
interaction histories
Multimodal data (e.g. long videos)
...

The quadratic complexity of transformers is a bottleneck for these tasks...
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Typical Document Lengths

Source Type Typical Length (#toks) Description

Common Crawl (Web) 600–1,200 Includes blog posts, news, and land-
ing pages. Many “documents” are
highly fragmented.

Wikipedia 500–1,500 While some entries are long, the me-
dian article is relatively concise.

Scientific Papers (arXiv) 5,000–10,000+ These are among the longest "natu-
ral" documents in most sets.

Books (Project Gutenberg) 50,000–100,000+ The “long-tail” of the data; rare but
critical for long-range dependency.

GitHub (Code) 100–5,000 Code files vary wildly; many scripts
are quite short, while libraries are
long.
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Efficient Transformers

(Tay et al., “Efficient transformers: A survey”, ACM Computing Surveys, 2022)
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Some Proposed Solutions

GPU-aware kernel implementations to reduce memory from O(n2) to
O(n) (e.g. FlashAttention).

Sparse / sliding window attention combined with global attention
tokens (e.g. Longformer).

Grouped Query Attention (GQA) or Multi-Query Attention (MQA) to
reduce KV cache memory.

Hybrid architectures: use a fraction of self-attention layers, and a
fraction of recurrent layers like Mamba or Gated Deltanet).

Dynamic sparsity (sparsemax, α-entmax) using AdaSplash kernels
(Correia et al., 2019; Gonçalves et al., 2025; Gonçalves et al., 2026)

Hierarchical attention (Yuan et al., 2025; Huang et al., 2026).
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FlashAttention (Dao et al., 2022)

Compute exact attention leveraging the fast memory of the GPU.

Reduces memory from O(n2) to O(n), but runtime is still quadratic.

The main enabler for the exponential increase in context length after 2023!
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Grouped Query Attention (GQA)

(Ainslie et al., 2023)

Let queries share some keys/values to reduce KV cache size.
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Linear Transformers

Recall the attention expression:

Z = softmax(QK>)V

What happens if we remove the softmax transformation? By the
associative property,

Z = (QK>)V = Q(K>V ).

For long-context n� d , this avoids materializing the n-by-n matrix QK>.

The computational cost becomes O(d2n) instead of O(dn2).

Linear instead of quadratic.

Related: fast weight programmers (Schmidhuber, 1992; Schlag et al., 2021).
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Linear Transformers are RNNs!
In the decoder, due to causal masking, we have

zi =

∑
j≤i

kjv>j


︸ ︷︷ ︸

:=Hi

qi ,

which is equivalent to the following updates (starting with H0 = 0):

Hi = Hi−1 + kiv>i
zi = Hiqi .

We can interpret H1, ...,HL as the states of a linear RNN!
Related: state space models, Mamba, RWKV, Gated DeltaNet, ...

Many recent architectures (Qwen3.5, Kimi K3, Nemotron 3, ...) are
hybrids interleaving full attention and linear layers.

(Katharopoulos et al., “Transformers are RNNs: Fast Autoregressive Transformers with Linear Attention”,

ICML 2020)
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Efficient Transformers

(Tay et al., “Efficient transformers: A survey”, ACM Computing Surveys, 2022)
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Adaptive Sparsity through α-entmax (Peters et al., 2019)

α = 1

softmax(s)
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(Same s = [1.0716,−1.1221,−0.3288, 0.3368, 0.0425])

α-entmax(s) = [(α− 1)s − τ ]
1/(α−1)
+
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Adaptively Sparse Transformers

Replaces softmax attention by α-entmax.

α > 1 can return sparse attention probabilities→ adaptive sparse attention.

... so the model learns to ignore irrelevant tokens.

Marcos Treviso will talk more about this tomorrow afternoon!

Peters, Niculae, and Martins, “Sparse Sequence-to-Sequence Models”, ACL 2019

Correia, Niculae, and Martins, “Adaptively Sparse Transformers”, EMNLP 2019
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Efficient Implementation: AdaSplash
The equivalent of FlashAttention to α-entmax.

Gonçalves, Treviso, and Martins, “AdaSplash: Adaptive Sparse Flash Attention”, ICML 2025

Gonçalves, Pitorro, Niculae, Ponti, Li, Martins, and Treviso, “AdaSplash-2: Faster Differentiable Sparse

Attention”, ICML 2026
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... Also Better Length Generalization!

Vasylenko, Pitorro, Martins, and Treviso,

“Long-Context Generalization with Sparse Attention’, ICLR 2026
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New: Hierarchical Memory through DashAttention

Huang, Gonçalves, Alvetreti, Li, Han, Ponti, Martins, and Treviso, “DashAttention: Differentiable and

Adaptive Sparse Hierarchical Attention’, 2026 (arxiv)
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Continuous Attention:∞-former

Martins, Marinho, and Martins, “∞-former: Infinite Memory Transformer”, ACL 2022

Santos, Farinhas, McNamee, and Martins, “∞-Video: A Training-Free Approach to Long Video

Understanding via Continuous-Time Memory Consolidation”, ICML 2025
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Are We Still Going to Use Transformers in 2027?

https://www.isattentionallyouneed.com/
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What Are Transformers Are Doing?

If we understand what transformers do, perhaps we can modify them and
come up with better architectures.

I started the talk mentioning associative memories.

We saw transformers can be seen as (nonparametric) “modern” Hopfield
networks.

Another perspective: transformers are fast in-context learners through
test-time kernel regression.
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Attention as Kernel Regression (Wang et al., 2025; Zhang et al., 2025)

Let’s assume queries = keys, and assume they are normalized (‖ki‖ = 1)

The “data” (memory) is the key-value cache

M<t := {(k1, v1), ..., (kt−1, vt−1)}.

Given a new query (key) q = kt , we want to predict

v̂t := E[vt |kt ,M<t ].

That is, use the KV cache as “data” to predict the current value v̂t from the
current key kt .

This is a regression problem!
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Nadaraya-Watson Estimator (Nadaraya, 1964; Watson, 1964)

An instance of non-parametric kernel regression

Define a smoothing kernel function with bandwidth h, e.g. a Gaussian
kernel Kh(u) := N(u; 0, h2I ) ∝ exp(−‖u‖2/h2).

Given a new input q = kt , estimate v̂t :=
∑

i<t Kh(q−ki )vi∑
i<t Kh(q−ki )

.
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Nadaraya-Watson Estimator (Nadaraya, 1964; Watson, 1964)

With a Gaussian kernel Kh(u) ∝ exp(−‖u‖2/h2) and normalized keys:

v̂t =

∑
i<t Kh(q − ki )vi∑
i<t Kh(q − ki )

=

∑
i<t exp(−‖q − ki‖2/h2)vi∑
i<t exp(−‖q − ki‖2/h2)

=

∑
i<t exp(2q>ki/h

2 −���2/h2 )vi∑
i<t exp(2q>ki/h2 −���2/h2 )

=
∑
i<t

softmax(2Kq/h2)ivi

This is softmax self-attention with temperature h2/2.

That is, transformers are (roughly) doing test-time regression with a
Gaussian kernel.
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Alternatives to Gaussian Kernel

The Gaussian kernel (= softmax attention) has full support.

That is, it reads all the memory for generating each token. Do we need this?

Nonparametric statistics favor other
kernels with compact support (e.g.
Epanechnikov, biweight, triweight, ...)

If we replace the Gaussian kernel by such kernels, we obtain dynamic
sparse α-entmax attention!
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Compact Kernel Regression

Santos, Gonçalves, McNamee, Treviso, and Martins,

“Sparse Attention as Compact Kernel Regression”, 2026 (arxiv)
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Open Research Directions

Are recurrent models coming back? Mamba, Gated DeltaNet, etc.

Current trend is to hybridize self-attention layers with some of these
alternatives... at which point will this cease to be a “transformer”?
Two related perspectives:

Compress the KV cache in transformers to avoid quadratic growth
Expand state size in recurrent models to increase memory capacity

It’s insightful to think about the memory properties we want

Lots of recent work building upon this perspective (memory mosaics,
Titans, MIRAS, ...)
Also hierarchy, dynamic sparsity, MoEs, ...

Check out our NeurIPS’24 tutorial on this topic:
https://dynamic-sparsity.github.io/
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Coffee Break!
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Pretraining through Next Word Prediction

Recall the language modeling (LM) task you learned in Noah’s lecture:

Model pθ(yt | y1:(t−1)), the probability distribution of words given their
past contexts.

There’s lots of data for this! No labels are necessary, just raw text.

This is called unsupervised pretraining or self-supervised learning.
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Self-Supervised Learning

Pretraining on LM task is a form of self-supervised learning.

Take raw (unlabeled) data, remove information and train a model to
recover that information

In the case of language modeling, the information removed is the next
word; the model is trained to predict future words given the context

Other strategies: mask words (later)

This can be done with other data modalities too (e.g. speech, images),
not just text

For example, take images, obfuscate a region, and train a model to
predict the missing region (image completion).
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Pretraining and Fine-tuning

Pretraining can be very effective by serving as parameter initialization.

Step 1: Pretrain (e.g. on LM)

Lots of text; learn general things!

Step 2: Finetune on your task

Not many labels; adapt to the task!
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Three Architectures for Pretraining
Decoder-only

Language models with causal masking.
Nice to generate from; but can’t condition on
future words.

Encoder-only
Bidirectional context⇒ can condition on
future!
Wait, how do we pretrain them?

Encoder-Decoder
Good parts of decoders and encoders?
What’s the best way to pretrain them?
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Pretrained Decoders

When using LM-pretrained decoders,
we can ignore that they were trained to
model pθ(xt | x1:(t−1))

Fine-tuning by training a classifier on
the last hidden state.

h1, . . . ,hL = Decoder(x1, . . . , xL)

y = softmax(AhL + b)

where A and b are randomly initialized
and learned by the downstream task.
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Pretrained Decoders

Two common choices for fine-tuning:

Freeze the pretrained model and train only A and b

Finetune everything, backpropagate gradients through the whole
network.

Pretrained decoders can be finetuned directly for generation tasks.

The family of GPT models developed by OpenAI is an example.
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Generative Pretrained Transformer (GPT)
(Radford et al., 2018)

2018’s GPT was a big success in pretraining a decoder!

Transformer decoder with 12 layers.

768-D hidden states, 3072-D feed forward hidden layers.

Byte pair encoding with 40,000 merges (vocabulary size)

Trained on BooksCorpus over 7000 books.

Contains long spans of contiguous text, for learning long distance
dependencies.
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GPT-2 (Radford et al., 2019)

Another iteration of GPT, with larger models and trained on much more
data (40GB of Internet text)

Stronger in language generation tasks.

A transformer-based language model with 1.5 billion parameters,
trained on 8 million web pages

Training task: predict the next word, given all of the previous words

Test time: top-k truncated random sampling

Lots of hype!
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GPT-2’s Famous Example (Radford et al., 2019)

Given a prompt, perform story completion:

Later: GPT-3, InstructGPT, ChatGPT, ...
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Three Architectures for Pretraining
Decoder-onlyX

Language models with causal masking.
Nice to generate from; but can’t condition on
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Wait, how do we pretrain them?

Encoder-Decoder
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Pretrained Encoders

So far, we’ve looked at language model pretraining. But encoders get
bidirectional context, so we can’t do language modeling!

So, what pretraining objective to use?
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Pretrained Encoders

So far, we’ve looked at language model pretraining. But encoders get
bidirectional context, so we can’t do language modeling!

So, what pretraining objective to use? Masked language modeling.
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Masked Language Modeling

Idea: replace a fraction of words in
the input with a special [MASK]
token; predict these words.

h1, . . . ,hL = Encoder(x1, . . . , xL)

yi = softmax(Ahi + b).

Loss terms only from masked word.
If x̃ is the masked version of x ,
we’re learning pθ(x |x̃)

Analogous to a denoising
auto-encoder.

(Devlin et al., 2018)
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Example: BERT (Devlin et al., 2018)

“Bidirectional Encoder Representations from Transformers”

Randomly mask 15% of the input words and
train a transformer to recover them from the
context
Both left and right context, used
simultaneously!
In doing so, learn contextualized word
representations
Can use this as a pre-trained model and
fine-tune it to any downstream task
Extremely effective! Achieved SOTA on 11 NLP
tasks (7.7% percentage point improvement on
GLUE score).
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Details about BERT (Devlin et al., 2018)

Two models were released:

BERT base: 12 layers, 768 dim hidden states, 12 attention heads, 110
million params.
BERT large: 24 layers, 1024 dim hidden states, 16 attention heads,
340 million params.

Trained on:

BooksCorpus (800 million words)
English Wikipedia (2.5 billion words)

Pretraining is expensive and impractical on a single GPU.

BERT was pretrained with 64 TPU chips for a total of 4 days.

Fine-tuning is practical and common on a single GPU:

“Pretrain once, finetune many times.”
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Finetuning BERT (Devlin et al., 2018)

BERT became very popular and versatile; finetuning BERT led to new state
of the art results on a broad range of NLP tasks:

Paraphrase detection (QQP, MRPC)
Natural language inference (QNLI, RTE)
Sentiment analysis (SST-2)
Grammatical correctness (CoLA)
Semantic textual similarity (STS-B)
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Other variants of BERT

RoBERTA (similar to BERT, but trained on more data and removing
next-sentence prediction)

XLM-RoBERTA (multilingual version)

Check out EuroBERT from our group (Boizard et al., 2025)

Overall, encoder-only models fell a bit out of fashion, but they are still
relevant in several scenarios:

as embedding models (e.g. for RAG)

as reward models

to build masked diffusion (non-autoregressive) language models.
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Three Architectures for Pretraining
Decoder-onlyX

Language models with causal masking.
Nice to generate from; but can’t condition on
future words.

Encoder-onlyX
Bidirectional context⇒ can condition on
future!
Wait, how do we pretrain them?

Encoder-Decoder
Good parts of decoders and encoders?
What’s the best way to pretrain them?

André Martins (IST) Transformers & LLMs LxMLS 2026 104 / 180



Pretrained Encoder-Decoder

For encoder-decoders, we can do
something like LM, but where a
prefix of every input is provided to
the encoder and is not predicted.

h1, . . . ,hT = Encoder(x1, . . . , xT )

hT+1, . . . ,h2T = Decoder(xT+1, . . . , x2T )

yi = softmax(Ahi + b), i > T

The encoder benefits from
bidirectional context

The decoder is used to train the
whole model through LM.

(Raffel et al., 2020)
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T5: Text-to-Text Transfer Transformer (Raffel et al., 2020)

Use span corruption as an auxiliary task:

Replace different length spans from the input with unique
placeholders; decode out the spans that were removed!

This is implemented in text preprocessing: it’s still an objective that
looks like LM at the decoder side.
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T5: Text-to-Text Transfer Transformer (Raffel et al., 2020)

T5 can be fine-tuned to answer a wide range of questions, retrieving factual
knowledge from its parameters!

Natural Questions (NQ), WebQuestions (WQ), TriviaQA (TQA)
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Limitations of Fine-Tuning

Pretraining and fine-tuning is a very successful recipe, but what if we want
to perform a very large number of tasks?

Fine-tuning a very large model to each of the tasks can be very expensive
and requires a copy of the model for each task.

Can we make this more efficient?
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Adapters (Houlsby et al., 2019)

Alternative to fine-tuning language models on a downstream task

Instead of fine-tuning the full model, a small set of task-specific
parameters (adapter) is included in the model and updated during
fine-tuning

The rest of the model is kept fix

Several advantages:

X Much fewer parameters to fine-tune

X Can share the same big pretrained model across tasks, and fine-tune
only the task-specific adapters

X Can also be used to create multilingual models (language adapters)
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Adapters (Houlsby et al., 2019)

Adapter layers interleaved in the other transformer layers
In fine-tuning, only these adapter layers are updated
The big pretrained model stays untouched.
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Low-Rank Adaptation (LoRA) (Hu et al., 2022)

Place adapter in parallel rather than sequentially, and skip non-linearity.

Weights after finetuning: W + ∆W = W + αBA, whereW is frozen and
A ∈ Rr×d , B ∈ Rd×r (with r � d ) are trainable LoRA parameters.
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Low-Rank Adaptation (LoRA) (Hu et al., 2022)

LoRA exhibits better scalability (and sometimes task performance) than full
finetuning and other methods.

(https://lightning.ai/pages/community/article/lora-llm/)
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Few-Shot Learning

What if we want to solve a completely new task for which not enough
data exists, not even for fine-tuning?

Can we do it on-the-fly?

This is called few-shot learning

Powerful models such as GPT-3 can do this via prompting

Leveraging the versatility of LMs is all we need!

André Martins (IST) Transformers & LLMs LxMLS 2026 114 / 180



GPT-3 (Brown et al., 2020)

Keep scaling up... Even larger models pretrained on more data:

175 billion parameters (!!!)

Trained on 500 billion words

Took ∼ 3× 1023 FLOPS to train (on a standard GPU, it would cost
$4.6M and it would require 355 years to train such a model)

Introduces prompting as an alternative to fine-tuning

Demonstrates few-shot learning capabilities (learning new tasks on the
fly from very few examples)
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Large Pretrained Models

Scaling up LLMs is a huge engineering effort!
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Scaling Laws (Brown et al., 2020; Kaplan et al., 2020)

(Brown et al., 2020)

Scaling laws help us predicting performance for different hyperparameter
choices before running expensive experiments.
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Chinchilla Laws

(Hoffmann et al., 2022)

Roughly, the cost of training a large transformer scales as parameters ×
tokens.

In fact, GPT3 was very undertrained (300B tokens only), “Chinchilla laws”
corrects earlier Kaplan’s laws.

But what about inference costs?

More recently: LLaMA 7B / 13B on 1T tokens (2023), Qwen3 models on
36T tokens, etc. (well beyond Chinchilla)
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Prompting and In-Context Learning

Pretrained language models acquire a lot of factual knowledge!

This suggests we can prompt them on-the-fly to solve new tasks.

From Liu et al. (2021)
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Prompting and In-Context Learning (Brown et al., 2020)
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Example: Using NewWords (Brown et al., 2020)
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Example: Grammar Correction (Brown et al., 2020)
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Example: Auto-Completing Code (Chen et al., 2021)
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Language Modeling 6= Assisting Users

Is next work prediction all we need?

No, language models are not automatically aligned with user intent—we
need instruction tuning (Ouyang et al., 2022)
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Instruction Tuning
Idea: finetune on instruction data (question-answer pairs).

Also called supervised finetuning.

FLAN-T5 (Chung et al., 2024)

André Martins (IST) Transformers & LLMs LxMLS 2026 126 / 180



Instruction Tuning
Idea: finetune on instruction data (question-answer pairs).

Also called supervised finetuning.

FLAN-T5 (Chung et al., 2024)

André Martins (IST) Transformers & LLMs LxMLS 2026 126 / 180



Synthetic Instruction Data

Idea: Generate synthetic instructions from an LLM (Wang et al., 2023).
Examples: Alpaca (Taori et al., 2023), Vicuna (Chiang et al., 2023), Tülü (Lambert et al.,

2025), check out EuroBlocks from our group (Ramos et al., 2026), ...

Hypothesis: pretrained LLMs already have all the knowledge, so only
∼1000 instructions are needed

(Zhou et al., “LIMA: Less Is More for Alignment”, NeurIPS 2023)
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Limitations of Instruction Tuning

It’s expensive to collect ground-truth data for tasks.

Tasks like open-ended creative generation have no single correct
answer (e.g. “write me a story about a dog and her pet grasshopper”).

More importantly: SFT penalizes all token-level mistakes equally, but
some errors are worse than others.

Even with instruction tuning, there is a mismatch between the
objective function (minimize perplexity) and the objective of “satisfy
human preferences”!

Can we explicitly attempt to satisfy human preferences?
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How DoWeModel Human Preferences?

1 For a given question x , sample several possible answers y1, y2, ..., and
ask humans to express their preferences.

2 Use this information to train a reward model Rφ(y ; x).

3 Then let the LLM explore and tune it to maximize the reward.

The last step is what reinforcement learning (RL) is about! (covered in Zita
Marinho’s lecture this afternoon.)

(Fernandes et al., “Bridging the Gap: A Survey on Integrating (Human) Feedback for Natural Language

Generation”, TACL 2023)
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Reward Model

Problem: Human judgments are often noisy and miscalibrated...

... instead of direct scores / rankings, ask them for pairwise preferences

This leads to triples (x , yw , y l) (question, winning answer, losing answer)

Then train the reward model Rφ(y ; x) to satisfy those preferences.

The Bradley-Terry model does exactly this! (Bradley and Terry, 1952)

JRM(φ) = −Ex ,yw ,y l

[
log σ(Rφ(yw ; x)− Rφ(y l ; x))

]
.

Intuition: yw should score higher than y l according to Rφ.
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Putting It All Together (Christiano et al., 2017; Stiennon et al., 2020)

Finally, we have everything we need:

A pretrained (instruction-tuned) LLM pPT(y |x)

A reward model Rφ(y ; x) that produces scalar rewards for LLM
outputs, trained on a dataset of human comparisons
A method for optimizing LLM parameters towards this reward.

Now to do RLHF (Reinforcement Learning with Human Feedback):

Initialize a copy of the model pRL
θ (y |x) with parameters θ

Optimize the following reward with RL (PPO):

Ey∼pRL
θ (y |x)

[
Rφ(y ; x)− β log

pRL
θ (y |x)

pPT(y |x)

]
.

The last term is a penalty to prevent us from diverging too much from
the pretrained model (in expectation it’s KL(pRL

θ ‖pPT)).
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Reinforcement Learning from Human Feedback (RLHF)

openai.com/research/instruction-following
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InstructGPT (Ouyang et al., 2022)

Scaled up RLHF to tens of thousands of tasks.

Collected data (demonstration data and comparison data) from human
annotators for brainstorming, generation, and rewrite tasks.
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ChatGPT

Same methods as InstructGPT (SFT + RLHF) for dialog agents.

Humans played both sides: user and AI assistant; several RLHF rounds.
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But RLHF Has Limitations Too!

If human preferences are unreliable, models of preferences are even worse!

Since the reward model (RM) is imperfect—reward hacking is an issue.

Chatbots are rewarded to produce responses that seem authoritative and
helpful, regardless of truth—as a result, they often hallucinate.

(Stiennon et al., 2020)

André Martins (IST) Transformers & LLMs LxMLS 2026 135 / 180



Other Variants and Extensions

RL with AI Feedback (“Constitutional AI”) (Bai et al., 2022)
Direct Preference Optimization (DPO): bypasses the need to train a
reward model (Rafailov et al., 2023)
GRPO (Shao et al., 2024)

DAPO (Yu et al., 2025)

...

This is a very active area of research!
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Life After ChatGPT
ChatGPT was released by OpenAI in November 2022 serving a closed
model.

In early 2023, Meta released LLaMA as a open-weight model, and an entire
open ecosystem emerged.
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Advances in 2023–26

Some other closed models: GPT4-5, Gemini, Claude, Cohere, ...

Many more open-weight models: LLaMA, Mistral, Gemma, Qwen,
DeepSeek, Moonshot’s Kimi, LongCat, Xiaomi’s MiMo, ...

A few fully open models: OLMo, Nemotron, Apertus, EuroLLM, ...

Many of the recent models do “reasoning”.

Many of the recent models are now multimodal or omni (e.g. language,
vision, speech).

Several have agentic capabilities.
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Shameless Plug: EuroLLM (Ramos et al., 2026)

4 sizes, fully open: 1.7B, 2.6B-A600M, 9B, 22B (released Dec 2025).
Supports all 24 EU official languages, plus 11 additional ones.
Compute: 1.68M GPU-hours in MareNostrum5 (EuroHPC).

(Ramos et al., “EuroLLM-22B: Technical Report”, 2026, https://eurollm.io)
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Multilingual Benchmarks (EuroLLM� Apertus� OLMo)

EuroLLM-9B/22B � Apertus 8B/70B (despite fewer training tokens, 4T vs
15T).

OLMo-3 worse than both (expected since it’s not a multilingual model).

(Ramos et al., “EuroLLM-22B: Technical Report”, 2026, https://eurollm.io)
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Multilingual Benchmarks (incl. open-weight models)

There is still a considerable gap, except for MT where EuroLLM-22B is
state-of-the-art or close.

(Ramos et al., “EuroLLM-22B: Technical Report”, 2026, https://eurollm.io)
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Chain-of-Thought Prompting

(Wei et al., 2022)
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Zero-Shot Chain-of-Thought Prompting

(Kojima et al., 2022)

Starting the answer like this triggers the model to switch to “reasoning”
mode.
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Many Possible Prompts to Choose From...

(Kojima et al., 2022)
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How to Solve Increasingly Complex Problems?

Scaling up model size makes new
skills emerge, but training-time
scaling is just too expensive...

An alternative is to scale at
test-time!

(Treviso et al., 2023)

Instead of larger models, make models produce more tokens before
providing the final answer.

This trend started with OpenAI o1, o3, ..., then followed up by DeepSeek
R1 and many others.

André Martins (IST) Transformers & LLMs LxMLS 2026 146 / 180



Training versus Test-Time Scaling

Simple example: What can we do if we have an LLM and a reward model?

We can do RLHF (training time)X
We can use the reward model to generate preference pairs and do
DPO (also training time)X
We can generate many samples and use the reward model to pick the
best (at test time!)

The latter option is called reranking or best-of-N .

... it trades off training-time by test-time compute.
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Example of Test-Time Scaling: Best-of-N

Very simple idea:

1 Sample N answers from the LLM (may need to increase temperature)
2 Use the reward model to pick the “best” answer.

... it works very well in practice!

Widely used even before LLMs (e.g. in machine translation)
(Fernandes et al., 2022; Farinhas et al., 2023)

More sophisticated variants use pairwise comparisons, e.g. MBR
decoding (Eikema and Aziz, 2020)

Intuition: from a communication-theoretic perspective, this is a way to add
redundancy to decrease decoding error (Farinhas et al., 2024).
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Communication-Theoretic Perspective of Best-of-N

Farinhas, Li, and Martins, “Reranking Laws for Language Generation”, NeurIPS 2024
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A Communication-Theoretic Perspective of Best-of-N
Code generation and machine translation:

Farinhas, Li, and Martins, “Reranking Laws for Language Generation”, NeurIPS 2024
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A Communication-Theoretic Perspective of Best-of-N
Math and commonsense reasoning:

Farinhas, Li, and Martins, “Reranking Laws for Language Generation”, NeurIPS 2024
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Limitations of Best-of-N and Self-Consistency

These methods boost performance for relatively simple problems but
they are less effective for problems that are too complex.

This is because they are limited to the N hypotheses they generate
initially.

For complex problems, N would need to be too large.

More sophisticated techniques use some sort of tree exploration (e.g.
Monte Carlo tree search) or sequential “reasoning” (by generating
“thinking” tokens before generating the final answer).
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DeepSeek R1 (Guo et al., 2025)

Released in early 2025 as an
open-weight model
A few innovations: a new RL
algorithm (GRPO), verifiable
rewards, RL without SFT (R1 Zero), ...
At the time all reasoning models
were closed
Caused some disruption in the stock
market!
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DeepSeek R1 Pipeline

(Guo et al., 2025)
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First Stage: DeepSeek R1 Zero

Format: <think> ... </think> followed by <answer> ... </answer>
Binary (verifiable) rewards (RLVR): for math, compare final answer
against ground truth; for code, run test cases.
Include also a small format reward to encourage using the <think>
and <answer> tags.
Outcome-based rewards (i.e. based on the final answer) as opposed to
process reward models.
Doing RL before SFT encourages the model to explore more and
discover novel reasoning strategies.
Take this with a grain of salt: it’s likely that the model was exposed to
math proofs and code during pretraining!
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DeepSeek R1 Aha Moment

(Guo et al., 2025)
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Some Emergent Reasoning Capabilities

Self-verification: the model checks its own work after deriving an
answer. Emerges because self-checked outputs are more often correct.
Reflection and backtracking (“Wait, let me reconsider”): the model
recognizes wrong paths and restarts with a different strategy.
Extended deliberation: the response length grows from hundreds to
thousands of tokens. The model is essentially learning that thinking
longer leads to better answers, a learned form of test-time compute
scaling.

On the negative side, reasoning traces are often poorly understandable and
switch between languages.
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Accuracy and Reasoning Length During Training

(Guo et al., 2025)

Reasoning increases context size significantly→ cf. first part of the lecture
on long context adaptation and efficient transformers.
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Reinforcement Learning with Verifiable Rewards

The rewards in DeepSeek-R1 are verifiable.

No reward model needed! A simple regex can check the answer.

This allows simplifying many things.

DeepSeek-R1 also replaced PPO by a better RL algorithm:

“Group Relative Policy Optimization (GRPO)” (Shao et al., 2024)

More about this in Zita’s lecture this afternoon!
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From Tokens to Action

LLMs generate textual output for a given input, but they don’t intervene.

Agents perform actions based on observations from the
environment/world.

Two perspectives on LLMs and agents:

Agents can use LLMs to help reasoning and planning.
LLMs can be enhanced to be given “agentic” capabilities.
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Key Components

(Credits: Diyi Yang’s NLP class)
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Key Components

(https://lilianweng.github.io/posts/2023-06-23-agent/)

Agents can combine LLM knowledge, reasoning, and planning capabilities
with external tools.
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Toolformer (Schick et al., 2023)

Trains LLMs to decide which
APIs to call, when to call them,
what arguments to pass, and
how to best incorporate the
results.
Use self-supervised learning
with only a handful of
demonstrations for each API.
Tools: calculator, Q&A system,
search engine, translation
system, calendar.

(Schick et al., 2023)
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Why Is Reasoning Helpful for Agents?

(Credits: Diyi Yang’s NLP class)
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Orchestrator
In some scenarios it is useful to have an orchestrator to divide the task into
subgoals and coordinate with multiple systems.

https://www.microsoft.com/en-us/research/publication/

magentic-one-a-generalist-multi-agent-system-for-solving-complex-tasks/
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Agents Can Be Used In Many Domains and Environments

Coding agents

Gaming agents

Mobile agents

Web/app agents

Computer agents

Robotics
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Example: Coding Agents

Environment: project code repos, filesystems, IDEs, ...
Observation space: code files, exe outputs, docs, errors, commit
history, ...
Action space: code edits, file search/view, test updates, ...

SWE-bench (Jimenez et al., 2023)
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Example: Web/App Agents

Environment: web browsers/apps
Observation space: screenshots, HTML, historical actions, ...
Action space: browser/app controls (click, type, scroll, drag, hover, ...)

WebArena (Zhou et al., 2023b), https://webarena.dev/og/
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Example: Computer Use Agents
Environment: desktop operating systems
Observation space: screenshots, accessibility trees, historical action, ...
Action space: keyboard/mouse controls (click, type, drag, shortcuts)

OSWorld (Xie et al., 2024), https://os-world.github.io/
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Many Topics Not Covered in This Lecture

Retrieval-augmented generation (RAG)

Tools and agents only covered very superficially

Deep research, AI for science, ...

Vision-language-action models, world models, ...

Pretraining and midtraining optimization

Evaluation

Reinforcement learning→ Zita’s lecture this afternoon!

Multimodal LLMs→ Desmond’s lecture on Saturday!

...
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Conclusions

LLMs went through several stages, from pretraining and finetuning to
prompting, reasoning, acting, ...
Increasing the model size and training compute is not the only way to
drive progress.
Test-time scaling can be effective—models can “reason” at inference
time and explore multiple paths to reach a solution.
Challenge: we need to accommodate very long context lengths.
Compressing the KV cache, using sparse attention, or hybrid
architectures are potential solutions.
We can also combine retrieval with generation through RAG or use
external tools.
Very active research on models with agent capabilities (code agents,
Web agents, embodied agents, ...)
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Thank you!
Questions?
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Geoffrey S Watson. Smooth regression analysis. Sankhyā: The Indian Journal of Statistics, Series A, pages 359–372, 1964.
Jason Wei, Xuezhi Wang, Dale Schuurmans, Maarten Bosma, Fei Xia, Ed Chi, Quoc V Le, Denny Zhou, et al. Chain-of-thought prompting

elicits reasoning in large language models. Advances in neural information processing systems, 35:24824–24837, 2022.
Tianbao Xie, Danyang Zhang, Jixuan Chen, Xiaochuan Li, Siheng Zhao, Ruisheng Cao, Toh J Hua, Zhoujun Cheng, Dongchan Shin, Fangyu

Lei, et al. Osworld: Benchmarking multimodal agents for open-ended tasks in real computer environments. Advances in Neural
Information Processing Systems, 37:52040–52094, 2024.

André Martins (IST) Transformers & LLMs LxMLS 2026 179 / 180



References VII

Ruibin Xiong, Yunchang Yang, Di He, Kai Zheng, Shuxin Zheng, Chen Xing, Huishuai Zhang, Yanyan Lan, Liwei Wang, and Tieyan Liu. On
layer normalization in the transformer architecture. In International conference on machine learning, pages 10524–10533. PMLR, 2020.

Qiying Yu, Zheng Zhang, Ruofei Zhu, Yufeng Yuan, Xiaochen Zuo, Yu Yue, Weinan Dai, Tiantian Fan, Gaohong Liu, Lingjun Liu, et al. Dapo:
An open-source llm reinforcement learning system at scale. arXiv preprint arXiv:2503.14476, 2025.

Jingyang Yuan, Huazuo Gao, Damai Dai, Junyu Luo, Liang Zhao, Zhengyan Zhang, Zhenda Xie, Yuxing Wei, Lean Wang, Zhiping Xiao,
Yuqing Wang, Chong Ruan, Ming Zhang, Wenfeng Liang, and Wangding Zeng. Native sparse attention: Hardware-aligned and natively
trainable sparse attention. In Wanxiang Che, Joyce Nabende, Ekaterina Shutova, and Mohammad Taher Pilehvar, editors, Proceedings
of the 63rd Annual Meeting of the Association for Computational Linguistics (Volume 1: Long Papers), pages 23078–23097, Vienna,
Austria, July 2025. Association for Computational Linguistics. ISBN 979-8-89176-251-0. doi:
10.18653/v1/2025.acl-long.1126. URL https://aclanthology.org/2025.acl-long.1126/.

Biao Zhang and Rico Sennrich. Root mean square layer normalization. Advances in neural information processing systems, 32, 2019.

Jianyu Zhang, Niklas Nolte, Ranajoy Sadhukhan, Beidi Chen, and Leon Bottou. Memory mosaics. In The Thirteenth International Conference
on Learning Representations, 2025.

Chunting Zhou, Pengfei Liu, Puxin Xu, Srinivasan Iyer, Jiao Sun, Yuning Mao, Xuezhe Ma, Avia Efrat, Ping Yu, Lili Yu, et al. Lima: Less is
more for alignment. Advances in Neural Information Processing Systems, 36:55006–55021, 2023a.

Shuyan Zhou, Frank F Xu, Hao Zhu, Xuhui Zhou, Robert Lo, Abishek Sridhar, Xianyi Cheng, Tianyue Ou, Yonatan Bisk, Daniel Fried, et al.
Webarena: A realistic web environment for building autonomous agents. arXiv preprint arXiv:2307.13854, 2023b.

André Martins (IST) Transformers & LLMs LxMLS 2026 180 / 180

https://aclanthology.org/2025.acl-long.1126/

	Transformers
	The Attention Mechanism
	The Transformer Architecture
	Handling Long Contexts
	What's Next?

	Large Language Models
	The BERT Era: Pretraining and Fine-tuning
	The GPT-3 Era: Prompting and In-Context Learning
	The ChatGPT Era: Post-training and Preference Optimization
	The DeepSeek R1 Era: Reasoning
	What Next?

	Conclusions
	References
	References

